We study the generation of entangled states using a device constructed from dipolar bosons confined to a triple-well potential. Dipolar bosons possess controllable, long-range interactions. This property permits specific choices to be made for the coupling parameters, such that the system is integrable. Integrability assists in the analysis of the system via an effective Hamiltonian constructed through a conserved operator. Through computations of fidelity we establish that this approach, to study the time-evolution of the entanglement for a class of non-entangled initial states, yields accurate approximations given by analytic formulae.
Introduction
Entanglement is a fundamental quantum resource, one which underpins many proposals for the implementation of quantum technology. Ultracold quantum gases have been viewed, for some time, as one of the most promising avenues for the physical production and manipulation of entangled states [1] . Experimental efforts towards achieving macroscopic entanglement continue to drive significant research activity, e.g. [2] [3] [4] [5] [6] [7] . For ultracold quantum gases confined to triple-well potentials, many opportunities exist for the exploration of intriguing phenomena such as transistor-like behaviours [8] [9] [10] , coherent population transfer [11] , fragmentation [12] , and quantum chaos [13] . Moreover, the use of dipolar atoms, with controllable long-range interactions, provides a platform for a rich array of physics including macroscopic cat states [14] , stable quantum droplets [15] , supersolid states [16] , and prospects for interferometry [17] .
In our recent work [18] , we examined a special case of the general model of [17] . This restricted model belongs to a class of integrable tunneling models [19] . We identified within the integrable model a resonant tunneling regime, characterised by near-perfect harmonic oscillations with amplitude and frequency given by simple formulae. Through an appropriate breaking of the integrability, it was demonstrated how the amplitude and frequency could be varied in a predictable manner. This provided a design for a switching device, a fundamental component for the assembly of atomtronic circuitry (e.g. see [20] ). Physical realisation of the system is feasible using dipolar atoms such as 52 Cr or 164 Dy. In this setting the atoms are confined using a system of lasers. Manipulation of the system is achieved by displacing the focus of a laser.
Our main objective in the present work is to expand on the analysis conducted in [18] in two complementary directions. The first of these is to investigate and understand the behaviour of the device with respect to a variety of initial conditions. In [18] , the dynamical evolution was only considered for an initial state with all particles in one well. Here, we extend the investigations to the case of initial states with bosons distributed over the wells. It is found that the harmonic character of oscillations is still present for appropriately chosen interaction strengths, and the dynamics can be succinctly described. Encouraged by that result, we then turn attention to an analysis of the entanglement generated within the device under time-evolution.
The paper is organised as follows. The integrable Hamiltonian is introduced in Sect. 2, and an analysis is given for the energy spectrum. In Sect. 3 we conduct computations for the quantum population dynamics, and identify the resonant tunneling regime. We then introduce an effective Hamiltonian, which leads to analytic expressions for the frequency and amplitude of coherent oscillations between the outer wells. We also undertake numerical calculations for the quantum fluctuations. Sect. 4 deals with entanglement dynamics for different initial states, and in Sect. 5 we obtain an analytic expression for the time-evolution of states in the resonant regime. Sect. 6 contains final remarks.
Integrable Hamiltonian
An integrable model for a dipolar bosons loaded in an aligned triple-well potential was recently studied in [18] . In particular, the breaking of integrability was used to control the tunneling between the two external wells, thus implementing an atomtronic switching device. In this (2) is also conserved.
First, we illustrate the structure of the energy levels. We fix the parameters J = 1 and N = 20 and only consider U > 0. In Fig.1 , we plot the ordered energies for four choices of the interaction parameter U . For U = 0, there are 2N + 1 distinct energy levels and a high level of degeneracy, with a uniform gap ∆E = J between adjacent levels. For U = 0 the energies mix and it is clearly seen that the energy spectrum undergoes qualitative changes as U is varied. In particular, we observe the emergence of new energy bands, for sufficiently large values of U , with the gap between bands occurring at a larger energy scale. A complementary presentation is provided in Fig. 2 , where the energy level dependence is plotted against the dimensionless parameter U N/J. At the intermediate interaction regime, U N/J ∼ 1, a band structure begins to emerge (see the vertical line in Fig. 2) . By increasing the dimensionless coupling parameter, the number of bands increases with non-uniform spacing between them. In the strong interaction regime U N/J N 2 , all energy levels tend to degenerate into bands. In the extreme limit U N/J → ∞, the number of bands is (N + 2)/2 if N is even and (N + 1)/2 if N is odd. 
Quantum population dynamics
The time evolution of any state is governed by
where a n = φ n |Ψ 0 for initial state |Ψ 0 , and {|φ n } is a set of normalised eigenvectors associated with the energy eigenvalues {E n }. We will analyse the dynamical evolution for the following class of non-entangled initial states
where l = 0, 1, 2, . . . , N and 0 ≤ k ≤ N − l. The expectation value of the population in each well is computed through
In [18] , the dynamics of the population expectation values was studied for the initial state |N, 0, 0 . There a resonant tunneling regime was identified for U N/J >> 1, where nearcoherent oscillations occurred between wells 1 and 3. By coherent, we mean oscillations in the expectation values which have the same waveform, the same frequency, and constant phase difference. This regime coincides with the emergence of energy bands as depicted in Fig. 2 . Below we extend this analysis to the class of initial states (4) . First, we find that each of the energy bands can be associated with labels l and N − l. In particular, all states in each band have, approximately, the expectation value anticipated that there will still be oscillations between wells 1 and 3 for initial states (4). An example is given in Fig. 3 . Fig. 3 shows two distinctive characteristics. The first is confirmation that N 2 is approximately constant for all choices of the initial states shown. The second, however, is that as the parameter l in (4) To understand the above behaviour we define the sets V l = {|N − k − l, l, k : k = 1, ..., N − l}. Then V l ∪ V N −l provides a basis for each band in the U N/J → ∞ limit. When U N/J is sufficiently large, but finite, these sets still provide accurate approximations for the bases. But as l increases for l ≤ N/2, or alternatively l decreases for l ≥ N/2, the threshold value of U N/J which ensures well-separated bands increases. For l = 0 the band in Fig. 4 is clearly identifiable, whereas that for l = 6 is not. As we can see in Fig. 3 , the dynamics for the initial state |20, 0, 0 leads to coherent oscillations, whereas the dynamics for |14, 6, 0 is not coherent.
The identification of approximate bases for the energy bands leads to a significant simplification in the computation of the dynamics, in the case when U N/J is sufficiently large that the bands are well separated. This is what we term the resonant tunneling regime. In this case the analysis is simplified through use of an effective Hamiltonian defined through the conserved operator Q. Using the technique of first-order and second-order transition processes [21, 22] , we find that for an initial state of the form (4) the effective Hamiltonian is
where Q is given by (2) and
Using semiclassical analysis (see details in [18] ), we obtain analytic expressions for the time evolution of the expectation value of populations in wells 1 and 3. Specifically
where ω l = λ l J 2 is the frequency. The formulae indicate that the initial population in well 3, i.e. k, does not affect the frequency of oscillation. However, it does impact on the amplitude. For k = l = 0 we recover the results discussed in [18] and maximum amplitude oscillations are attained. It is easily seen from (8, 9 ) that equality of the expectation values N 1 and N 3 occurs when t = (2n + 1)T /4, n ∈ N, where T = 2π/ω l is the period of oscillation. We confirm from numerical computations that this is also the case when the Hamiltonian (1) is used, rather than the effective Hamiltonian (6). See Fig. 5 , where N = 60 is used to allow comparison with the results of [18] . For (a) -(c) the parameter U = 0.17 was chosen to lie in the resonant regime, as explained above (see Fig. 3 ). The value of U = 0.7 for the panels (d) -(f ) was chosen such that the oscillations have, approximately, half the frequency of those in (a) -(c). In order to gain insights into the quantum fluctuations of the coherent oscillations in the resonant regime, we now consider the variance of the expectation values. The variance σ 2 j of the expectation value N j is defined by
Obviously, a semi-classical calculation leads to the result that the fluctuations are zero. Consequently, we compute values of the variance obtained through numerical diagonalisation of the Hamiltonian (1). Fig. 6 shows the normalised variance of N 1 , σ 2 1 /(N − l) 2 , for the same initial states as in Fig. 5 . For each N (assumed even), the maximum amplitude for the variance occurs when wells 1 and 3 of the initial state are equally populated, while the minimum amplitude is obtained when one of the wells 1 or 3 is empty for the initial state. Observe that the period of the variance is T /2, where T is the period of the expectation value oscillations in wells 1 and 3. The maximum amplitude occurs at the times (2n + 1)T /4, n ∈ N. These times will be seen to be significant in the subsequent discussion on entanglement.
Entanglement dynamics
For the following discussion we define the density matrix as ρ(t) = |Ψ(t) Ψ(t)| and the reduced density matrices ρ 1 (t) = tr 2 tr 3 ρ(t), ρ 2 (t) = tr 1 tr 3 ρ(t), ρ 3 (t) = tr 1 tr 2 ρ(t)
where tr j denotes the partial trace over the space of states for well j. The von Neumann entropy, defined as [23] S j (ρ(t)) = −tr (ρ j (t) log ρ j (t)) provides a measure of the bipartite entanglement between the subsystem of well j and the other two wells 1 . We also define the effective von Neumann entropy, which is calculated through the effective Hamiltonian (6). That is, for state evolution governed by
and the reduced density matrices ρ 1 (t) = tr 2 tr 3ρ (t),ρ 2 (t) = tr 1 tr 3ρ (t),ρ 3 (t) = tr 1 tr 2ρ (t)
where tr j denotes the partial trace over the space of states for well j. Then the effective von Neumann entropy is simply Fig. 7 shows evolution of the entanglement between well 1 and the rest of the system, calculated from Eq. (11) for the Hamiltonian (1), and Eq. (12) for the effective Hamiltonian (6) . The initial state is |20, 0, 0 , and four values are shown for the parameter U N/J from weak interaction (Fig. 7 (a) ) into the resonant tunneling regime (Fig.7 (d) ). In the latter case there is excellent agreement between S 1 (ρ(t)) and S 1 (ρ(t)). It is seen that the entanglement is a decreasing function of U N/J, indicating a tendency towards localisation. Note that the maximum entanglement that can be generated is S max = log d (dashed blue line), where d = (N + 1)(N + 2)/2. However, for the effective Hamiltonian the maximum entanglement that can be generated isS max = log(N − l + 1)) (dot-dashed blue line).
In Fig. 8 the entanglement dynamics governed by the effective Hamiltonian is shown for six initial states in the resonant regime, the same as in Figs. 5 and 6 . The maximum entanglement occurs in the vicinity of t = (2n + 1)T /4. (These curves exhibit some irregular behaviours. It is difficult to precisely identify the times at which the maxima occur.) The times t = (2n + 1)T /4 are also those for which the expectation values N 1 and N 3 are equal (Fig. 5) , and their quantum fluctuations are maximal (Fig. 6) . 
Coherent state description
In this section we provide an explicit formula for states evolving under the effective Hamiltonian (6). These states belong to the class of su(2) coherent states [24] , and an expression for them can be compactly presented. Recall the Jordan-Schwinger representation of su(2)
satisfying the commutation relations [J a , J b ] = i abc J c . The time evolution operatorŨ (t) = exp(−itH eff ) = exp(iω l t(N 1 + N 3 )/2) exp(−iω l tJ x ) has the action (neglecting, without loss For initial state |N − l − k, l, k , the above expressions lead to the following form for the time-dependent state
that can be rearranged to provide the wavefunction in a closed form (including the overall phase exp(iω l t(
where b n (k, l, t) is given explicitly in Appendix A. Note that
While the formulae (13), (14) are not exact for the Hamiltonian (1), they provide an excellent approximation in the resonant tunneling regime. This is confirmed by calculations for the fidelity, F , defined by [25] 
Illustrative examples are depicted in Fig. 9 below, where the parameter values are the same cases as those for Figs.5, 6 and 8. The high values for the fidelity confirm the validity of the coherent state approximation.
In principle, the coherent state expression (13) can be used to compute several important physical properties in the resonant tunneling regime for initial states (4) . Below, the Fock state probabilities at t = T /4 are depicted. Each probability |c n | 2 is associated with the basis vector |60 − l − n, l, n . These quantities are obtained through the dynamics of the Hamiltonian (1) . The values closely match those given by the equivalent coherent state approximation through (14) . The most probable states are: (a): |30, 0, 30 , (b): |58, 0, 2 and |2, 0, 58 , (c): |60, 0, 0 and |0, 0, 60 , (d): |26, 9, 25 and |25, 9, 26 , (e): |48, 9, 3 and |3, 9, 48 and (f ): |51, 9, 0 and |0, 9, 51 . One can identify that panels (c) and (f ) show the states with the most uniform probability distribution. This correlates with those cases having the highest variance, as shown in Fig. 6 , and the most entanglement, as shown in Fig. 8 .
Conclusion
In this work we analysed the capacity for entanglement generation in an integrable, three-well atomtronic device. Our study was mostly undertaken in the resonant tunneling regime, where The vertical dashed lines mark the midpoints of the probability distributions. In the right column, where l = 9, the results display a slight asymmetry with respect to reflections about the midpoints.
the particle exchange between wells 1 and 3 is very well described as coherent oscillation. We considered a class of unentangled initial states and studied the quantum evolution. We conducted calculations of population expectation values, quantum fluctuations, and entanglement. We found that the maximum entanglement occurred when the expectation values for populations in wells 1 and 3 are equal, where also their variances are maximal. We constructed an effective Hamiltonian, which is expressed in terms of a conserved operator for the integrable system. This allowed us to obtain an analytic formulae for the evolution of the states. These results open a pathway towards new investigations, in two complementary directions. One of these is to understand the mechanisms for controlling the entanglement generation through the breaking of integrability, specifically through the inclusion of external fields as in [18] . The other avenue is to then examine the effects of external driving of the dynamics, which is feasible for this system using Floquet theory, e.g. see [26] . 
A Coherent state approximation in closed form
Consider exp (−itH eff ) = V U , where
Using the identity In the above expressions, the following shorthand notation is adopted for the binomial coefficients and trigonometric functions: 
